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ABSTRACT
This study investigates the applicability and efficiency of support vector machines for the problem of estimating the earthquake
response spectra from the Fourier amplitude spectra of the ground motion acceleration. Two methods are commonly used for this
purpose: time domain simulations, and the random vibration theory. The use of time domain simulations offers high accuracy at high
computational cost, while the use random vibration theory, although not computationally intensive, requires knowledge of the
statistical distribution of the response amplitudes. This study treats the task of estimating response spectra from the Fourier spectra as
a nonlinear regression problem, and constructs a supervised machine learning algorithm with minimal sensitivity to noise and outliers.
In this method, pairs of vectors consisting of Fourier amplitude spectra and pseudo-velocity response spectra are transformed into a
high dimensional feature space where the nonlinear relationship between them can be represented as a line. No assumptions regarding
the probability density function of response amplitudes are required. A practical application is presented using artificially generated
accelerograms, and it is shown that the support vector machines can predict the response spectra for a wide range of vibration periods.
INTRODUCTION
Seismic design of structures requires realistic estimation of the
ground motions that the structure will experience during its
service life. Two forms of spectra are commonly used in
describing the ground motion expected at a site: Fourier
amplitude spectrum and the response spectrum.

displacement response spectrum corresponding to natural
is defined as
frequency

Fourier amplitude spectrum is a measure of the energy
contained in the input ground motion, and is defined as

where
is the displacement of the mass relative to the
ground in a Single Degree of Freedom (SDOF) system subject
to the ground motion.

(1)

The intensity of stresses imposed on structures during
earthquakes is closely related to the energy introduced by the
ground motion (Hudson 1956; Housner 1959). For this reason,
in many seismic codes, calculation of base shear, stresses in
structural elements and story drifts are based on pseudospectra which provide an energy-based description of the peak
response of an elastic SDOF system.

is the ground motion acceleration and
is the
where
frequency in radians per second. Fourier Amplitude spectrum
is commonly used in describing ground motions that are
modeled as radiated spectra (Sokolov 2000).
For structural analysis applications, a plot of peak structural
response to a given ground motion, as a function of
fundamental vibration frequency is desired. Response
spectrum presents this information in a very compact form.
For a critical damping ratio , the ordinate of the relative
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The pseudo-velocity response spectrum is related to the
maximum strain energy stored in the SDOF system, and is
given by
,

,

(3)

1

Unfortunately, the theoretical relationship between the Fourier
amplitude spectrum and corresponding response spectrum, has
not found much practical use in earthquake engineering. The
main reason is that, in general, peak response occurs during
the ground excitation (Chopra 2007) and the Fourier spectrum
is smaller than the undamped pseudo-velocity response
spectrum. Even if the two spectra were identical over the
vibration period range of engineering interest, the response
spectra obtained would be too conservative for design use,
since most seismic codes require a 5% damping.

statistical distribution can be fit, there will be many outliers.
The method to be used in estimating response spectra must
ideally be tolerant to noise, outliers, and independent of the
statistical distribution of the data.
Sylmar Hospital NS Component
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In practice, two methods are employed to convert a given
Fourier amplitude spectrum into a response spectrum: time
domain simulations and the use of the random vibration
theory. Time domain simulations give accurate results for a
wide range of natural vibration periods at high computational
cost. Random vibration theory offers a simple alternative that
bypasses the time domain computations, but it is based on an
assumed statistical distribution of peak response amplitudes
(Hanks and McGuire 1981; Boore 2003; Tavakoli and
Pezeshk 2005). Rayleigh distribution of peaks, as is often
assumed in response spectra estimation, may not represent
actual ground motions.
The Fourier amplitude spectrum of a typical ground
acceleration record is very noisy, compared to the response
spectrum. The noise is not only due to the nature of the
ground motion, but also caused by the frequency domain
filtering and the spectrum estimation procedures. The noise
may not follow a Gaussian distribution, and even if a
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To gain a better understanding of the relationship between the
two spectra, the Fourier amplitude spectrum and the pseudovelocity response spectra corresponding to
0 % and
5 % of a ground motion record are shown in Fig. 1. The
ground motion shown in the figure is the north-south
component of the acceleration recorded at Sylmar County
Hospital, during the 1994 Northridge, CA earthquake.
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Although the two spectral descriptions of ground motion are
fundamentally different, they are closely related, since they
both represent some form of energy involved in the ground
motion processes. Hudson showed that pseudo-velocity
response spectrum of an undamped SDOF system is equal to
the Fourier amplitude spectrum of the ground if the peak
response occurs at the end of the ground motion (Hudson
1962). Many studies conducted after Hudson, investigated
how ground motion spectra relates to energy. Kuwamura used
the square of the smoothed Fourier amplitude spectrum of the
ground acceleration to estimate the spectrum of the energy
input to a SDOF system (Kuwamura, Kirino et al. 1994).
Strong correlations have been reported between the energy
input and the elastic pseudo-acceleration spectrum (Fajfar and
Vidic 1994). Ordaz et al. proposed to compute the input
energy spectrum from the Fourier amplitude spectrum and the
real part of the transfer function, linking the ground
acceleration to relative velocity of the elastic SDOF oscillator
(Ordaz, Huerta et al. 2003).
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Fig. 1. A sample ground acceleration record, and its Fourier
and response spectra.
This study explores the applicability of a supervised machine
learning algorithm. The task of spectral estimation is treated as
a nonlinear regression problem and the solution is found using
support vector machines (SVM). Neural networks and the
Ordinary Least Squares (OLS) methods are frequently used in
solving regression problems, but their effectiveness for the
response spectrum estimation problem is questionable due to
the complexity of the ground motion processes. The OLS
method is sensitive to outliers and its performance decreases
with non-Gaussian data. The neural networks can handle nonGaussian distributions, but their prediction accuracy decreases
when the data contains outliers.

2

SVM regression method (Drucker, Kaufman et al. 1997) is a
relatively new algorithm that does not suffer from noise and
outliers. The method does not assume or require a specific
statistical distribution; it directly learns from the input-output
training data. Once the model is formed, the output for new
samples that were not included the training set can be
predicted. These qualities make SVM regression method a
powerful tool for the response spectrum estimation problem.
SVM REGRESSION PROCEDURE
Assuming the response spectra are generated from an
unknown function
, and a set of pairs of vectors
consisting of Fourier amplitude spectrum
and the
:
are available, the
pseudo-velocity response spectrum
:
goal is to predict the vector corresponding to a vector
outside the training set.
Starting with the linear function
(4)

the width of the tolerance zone is defined through the εinsensitive residual function (Huber 1964):
|

|

|
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can be minimized more efficiently if
The function Φ , ,
its dual is maximized, instead of minimizing the penalized
average residual. Using the primal-dual techniques (Boyd and
Vandenberghe 2004), the dual objective function is obtained
as:
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,

(13)
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,

The constraints of the dual problem are:
(15)

To prevent overfitting, the complexity of the term
is
, which is the
penalized through the regularizing term,
Euclidean norm of the parameter :
(6)

.

The approximation accuracy for all training data points is
found using the penalized average residual:
|

|

·

(7)

where C is a balancing factor between the approximation
accuracy and the model complexity. The penalized residual
can be minimized by solving the
standard quadratic
minimization problem (Boyd and Vandenberghe 2004):
Φ

, ,

1
2

(8)

with the following constraints
·
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Once the dual variables

and

are calculated, the

term is

determined from
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Next, the data is transformed into a new feature space through
nonlinear transformation. In the new space, the input-output
relationship is approximately linear, and the inner product of
can be obtained as
, , where is a
transformed ,
kernel function. Kernel functions (Vapnik 2000) are used to
account for the nonlinear behavior and singularities present in
the data. The selection of the kernel function is guided by the
desired regularity of the function and the existing singularity
in the data. The kernel function used in this study belongs to a
class of kernel generating radial basis functions, and is defined
as:

3

,

exp

.

(19)

After the use of the kernel function, the dual form is becomes
Ψ

,

(20)

where
1
2

,

.

(21)

,

By solving the optimization problem in the dual form the
approximated function can be obtained as

EXAMPLE APPLICATION
To demonstrate an application of the SVM regression method,
synthetic ground motions were generated by filtering a zero
mean and unit variance Gaussian white noise followed by
time-domain windowing to match the target spectrum.
Four scenarios, consisting of two magnitudes (M=5 and M=7)
and two distances ( =20 km and =100 km) were selected in
the simulations. The distance is the closest distance to the
rupture surface. For each case, 250 samples were generated
following the stochastic method (Boore 2003). The ground
motion parameters used in this study are shown in Table 1.
Table 1 Ground motion parameters used in simulations

,

.

(22)

The length of the training and test vectors defines their
dimension in the original space, and determines the number of
required training samples in the transformed space. The
number of sampling points should be kept as small as possible,
since additional dimensions will cause exponential increases
in the number of required training samples to keep the same
level of accuracy. In this study, the response spectra were
predicted in a component-wise manner to overcome the
dimensionality issue. The data between the sampling points
can be determined by interpolation. Since the pseudo-velocity
response spectrum is much smoother than the Fourier
amplitude spectrum, a Gaussian kernel was chosen. Figure 2
summarizes the SVM procedure.

x: Fourier Amplitude Spectra
y: Pseudo-velocity Response Spectra

Input (x,y) vector pairs
Pre-process
Test data: xtest
Test

Training data

Parameter

Value

Magnitude
Stress drop, Δ
Distance,
Crustal density,
Shear wave velocity,
Filter cut-off frequency,

5 and 7
100 bars
20 km and 100 km
2.7 g/cm3
3.5 km/s
15 Hz.

The average pseudo-velocity response spectra at 5% damping
from the time domain simulations and the predictions of the
SVM procedure for M=5 and M=7 are shown in Fig.3 and
Fig.4, respectively.
As the figures show, for the vibration periods of most interest
to engineers, the agreement between the simulations and the
SVM predictions is very good. For M=5, the SVM method
underestimates the pseudo-velocity response spectra for
R=20 km, and overestimates for R=100 km. For M=7, the
SVM predictions match the simulations even at short periods.
The difference in the performance of the SVM method
between the M=5 and M=7 cases is most probably due to the
shorter duration of the ground motion for the M=5 case
compared to the M=7 case.

SVM
choose kernel
train
cross-validate

Output: ytest

Fig. 2. Main steps of the SVM procedure
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CONCLUSION
A supervised machine learning algorithm for estimating the
response spectra of ground motions from their Fourier spectra
is presented in this study. The SVM regression method treats
the mapping from Fourier amplitude spectra to pseudovelocity response spectra as a highly nonlinear regression
problem and uses support vectors to estimate the response
spectra based on the training data set.
An example application was presented considering four
ground motion scenarios. The comparison between the SVM
predictions and the simulations indicated that between 0.1 sec.
and 10 sec., the SVM predictions are close to the simulation
results. The largest discrepancy between the two methods was
observed for M=5 at short periods. This is believed to be a
result of the shorter ground motion durations from the M=5
earthquake compared to the M=7 case.
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